ABSTRACT This paper presents an approach for investigating the operation of fully differential circuits that have internal nodes that are not available for direct measurement. This approach is based on a new method of extracting the electrical and noise parameters of the differential-circuit subcomponents. Two single-ended noise-parameter measurements and one measurement of S-parameters are required for the presented method. Simulations and measurements were used to confirm the viability of the method.
I. INTRODUCTION
Differential circuits offer designers a number of benefits, including: supply, ground, and common-mode coupled noise rejection; improved linearity; and higher output swing. As such, differential circuits are commonly used in integrated analog and RF systems. Unfortunately, investigations of differential-circuit operation are complicated because they are predominantly conducted using single-ended measurement equipment. In addition, differential circuits are composed of subcircuits that cannot be measured individually. This is because their internal nodes are often hidden, with only their input and output ports being accessible for measurement.
Typically, it is not possible to measure the behavior of individual subcircuits. The consequence of this limitation is that it is also generally not possible to verify directly that these individual subcircuits are operating as they should. Identifying faults in a differential amplifier requires tuning circuit components in simulation until measured behavior can be duplicated. In addition to investigating electrical behavior, an analysis of differential-amplifier noise behavior also requires the measurements of its noise parameters, as these measurements are what enable subsequent simulation-assisted fault analyses.
This paper presents a method that is capable of providing more insight into the electrical and noise performances of dif-
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ferential amplifier subcircuits, thereby supplying additional information to the above-described measurement processes. The proposed method was initiated in response to the development of differential single-stage low-noise amplifiers (LNAs) for the Square Kilometer Array (SKA) radio telescope [1] - [9] and is intended for such differential amplifiers that comply with three requirements, namely: (a) passive common networks; (b) only one stage, and (c) no internal reference to ground in its subcircuits. The last requirement will be discussed in more detail in Section II-A while the first requirement is not necessary if only electrical parameters are of interest. A method of overcoming this requirement is also discussed. Furthermore, the proposed method relies only on single-ended measurement equipment and avoids the use of baluns, transformers, and hybrids. Coincidentally, this method also enables the determination of noise parameters of differential amplifiers.
Although the authors were unable to find any comparable methods for analyzing subcomponent behavior in differential circuits, some prior works have relied on the knowledge about the internal configurations of differential amplifiers to measure their performance [1] , [2] , [6] , [10] - [15] . The scarcity of differential measurement equipment has led to the development of various techniques for extracting differential electrical and noise parameters from measurements performed with single-ended equipment [1] , [11] , [15] - [19] . For example, the work in [16] discussed a method for measuring of differential S-parameters based on mathematical treatment of appropriate single-ended vector-network-analyzer (VNA) S-parameter measurements. The noise characterization of multi-port circuits was rigorously treated in [17] , which ultimately produced a set of general noise figure expressions. Recently, work in [19] expanded on work in [17] and presented a method of determining noise parameters of networks with arbitrary number of ports. In addition, a procedure for using single-ended equipment to measure a differential-amplifier noise figure was discussed in [1] , [15] , while [10] - [13] examined whether differential noise figures can be measured without the use of baluns. Furthermore, the work in [18] measured the differential noise parameters of differential amplifiers by using hybrids to convert the differential circuit to a single-ended circuit. At present, hybrids, transformers, and baluns constitute the most general approaches for measuring noise parameters due to their proven effectiveness when properly deembedded [20] . Even/odd-mode analysis is a popular method of analyzing symmetrical differential circuits [21] . However, in-phase and out-of-phase excitation of input/output ports require baluns or hybrids and their subsequent deembedding. While the above-discussed works outline methods that enable various aspects of differential circuit operation to be measured using single-ended equipment, they do not provide a way of estimating the performance of circuit subcomponents. To this end, the work in [14] proposed equipping differential amplifiers with a built-in-test circuit in order to facilitate more accurate analyses of their interworkings. However, that approach does not apply post-fabrication.
The present work focuses on ''dissecting'' a fabricated differential amplifier into its subcomponents with the purpose to investigate their electrical and noise behavior in presence of circuit parasitics that cannot be modeled or unknown during the design. Section II explains the dissection procedure, which consists of two steps: 1) determine amplifier electrical parameters (described in Section II-A); and 2) find the noise parameters for the subcircuits (described in Section II-B). The results of the experimental measurements are shown in Section III, while Section IV provides concluding remarks. Finally, Appendix A contains a list of symbols for the readers' reference.
II. PROPOSED ''DISSECTION'' METHOD
As the proposed method was initiated for differential SKA LNAs, it therefore is applicable to differential amplifiers that can be represented with two single-ended amplifiers and a common network as illustrated in Fig. 1 , that have only one stage, that are stable when their 4-port S-parameters in the 50-environment are measured, and that have no reference to ground internal to ''Amp''. Many single-stage fully-differential amplifier topologies, e.g., common-source/emitter amplifiers and cascode amplifiers, can be analyzed with the proposed method. The method also does not preclude having any topologies for each individual single-ended amplifier Amp, e.g., cascode topology, a shunt-feedback topology, or any other. Whatever topology is selected for the Amp, a fully differential amplifier is then formed into the single-stage differential circuit with two Amps and a common network. However, some amplifier types, such as amplifiers consisting of cascades of a few differential amplifiers, or folded typologies, such as a folded-cascode differential amplifiers, whose folding current sources reference to AC ground internal to ''Amp'', cannot yet be analyzed with the proposed method. Adopting the proposed method to such amplifiers remains a topic of future work.
An assumption specific for noise-parameter dissection is that the differential amplifiers have passive common networks. A method of removing this assumption is discussed in Appendix B in which case current sources could be used instead. Although these assumptions are limiting, they are satisfied by many high-frequency integrated differential amplifiers, which are usually built based on single-ended amplifiers with inductors forming their common networks [1] - [9] , [22] . Each input and output is outfitted with two connectors (in this work, a 50 coaxial connector) that allow for measurements using standard, single-ended equipment. To keep track of the ports, the two input ports will be referred to as ''port 1'' and ''port 2'', and the two output ports will be referred to as ''port 3'' and ''port 4'', as illustrated in Fig. 2 . The following two sections describe the two steps that are used to dissect the differential amplifier into its subcircuits using single-ended equipment. This method requires two measurements of noise parameters and a single measurement of the 4-port S-parameters, which can be obtained using either a 4-port network analyzer or a 2-port network analyzer and then applying 2-port to 4-port conversion [16] .
A. ELECTRICAL-PARAMETER EXTRACTION
Prelude: this section contains a number of equations that explain the derivation of the final two equations required to accomplish the extraction process.
The procedure begins by obtaining a measurement of the 4-port S-parameters
of the differential amplifier shown in Fig. 2 . This is the only measurement required, and the rest of the proposed procedure is performed numerically after S 4x4 has been obtained. Note that AmpA and AmpB in Fig. 2 are two-terminal devices as they are not shown to have a connection to ground. If such a connection were present, AmpA and AmpB would effectively be three-terminal devices and the method described below would not apply. To restrict the discussion to the two-terminal case, the requirement (c) in Section I is stated. In the circuit depicted in Fig. 3 , ports 2 and 4 are terminated with some pre-selected Z in and Z out , respectively, and AmpA appears connected in series with the chain combination of the common network and AmpB. The resultant network between port 1 and port 3 is a single-ended, 2-port network, which is termed SDUT 31 . Since SDUT 31 consists of series-connected networks, its Z-parameters, Z 31 , can be calculated using the measured 4-port S-parameters, S 4x4 , and some pre-selected and known Z in and Z out . Similarly, when ports 1 and 3 are terminated, a single-ended SDUT 42 is formed, and its Z-parameters, Z 42 , can be calculated from measured S 4x4 in a similar fashion as was used for SDUT 31 . This process results in Z 31 and Z 42 , which are based on the measured S 4x4 and a selection of values for Z in and Z out . The selection of Z in and Z out is discussed later in this section.
Since the objective is to determine the electrical parameters of AmpA,
AmpB,
and the common network, Z c , the known Z 31 and Z 42 must be described in terms of the unknown parameters. Next, the Z-parameters of 2-port ''B'', identified in Fig. 3 ,
are expressed in terms of the unknown Z-parameters of AmpB, Z in , and Z out by
. (5) The Z-parameters, Z bc , of the chain combination of 2-port ''B'' and Z c (see Fig. 3 ) are found as
Due to the series connection of the networks that make up SDUT 31 , the known Z-parameters of SDUT 31 , Z 31 , as a function of Z in and Z out are related to the unknowns Z a , Z b , and Z c by
Note that, if AmpA were terminated by Z in and Z out , then the equivalent expressions of (4)- (7) could be obtained by interchanging subscripts ''b'' and ''a''. Finally, at least nine independent equations are required to find the 9 unknowns constituting Z a , Z b , and Z c . However (7) only gives four equations for a given set of Z in and Z out terminating ports 2 and 4 and an equivalent to (7) provides another four equations for a given set of Z in and Z out terminating ports 1 and 3. Since Z 31 and Z 42 are calculated based on the measured S 4x4 and the pre-selected values of Z in and Z out , more than one set of Z in and Z out values could be used, represented by matrices Z in and Z out , to form a system of equations
Since any combination of Z in and Z out can be selected to create (8) , many systems of equations are possible. This gives the possibility of finding combinations of Z in and Z out that can help determine various performance parameters associated with differential-amplifier subcircuits. For example, in order to find the unknowns, we next consider combinations of Z in and Z out that include open-circuit and short-circuit impedances. These impedances are convenient because they can enable the resultant systems of equations to be simplified. It is important to note that, while these impedances may cause instabilities during measurement and are difficult to realize at RF frequencies in practice, the numerical analysis does not suffer from instabilities because the amplifier 4-port S-parameters are measured prior to the numerical analysis for a stable device in the 50-environment, and these S-parameters remain unchanged irrespective of the termination applied during numerical analysis.
Next, we assign Z in = ∞ and Z out = 0 and substitute them into (5) to find that Z b,T = Z 22,b and similarly Z a,T = Z 22,a . With these (8) results in
where I is a 2 × 2 all-ones matrix. One important observation that can be made from (9) is that the difference between any two elements of Z 31 (∞, 0) and the difference between any two elements of Z 42 (∞, 0) are independent of Z c since their terms involving Z c are identical.
If we now substitute Z in = ∞ and Z out = ∞ into (5), then Z b,T = Z a,T = ∞ and (8) becomes
From (10), we get Z 11,a (∞, ∞) = Z 11,a + Z c and
These expressions can then be used in (9) to produce
where Z xx,a with x = 1, 2, 3, and/or 4 represent terms of Z 31 . Equation (11) is a closed-form solution for Z c . Note that, since Z c has real and imaginary components, (11) produces two answers. Of these two answers, the one that results in the expected sign of the imaginary part is selected. Once Z c is determined, all of the other unknown parameters are obtained from (10) , which concludes the electrical-parameter dissection of the differential circuit. The viability of the proposed dissection method was confirmed via simulations, wherein the two-port S-parameters, which were supplied by the transistor manufacturer, were used to represent each single-ended amplifier in the schematic shown in Fig. 4 . The S-parameters of an ATF-35143 transistor, biased with a 4-V supply and drawing 60 mA of current, were used for AmpA. The S-parameters of an ATF-35143 transistor, biased with a 2-V supply and drawing 5 mA of current, were used for AmpB. Different S-parameter sets were intentionally selected for AmpA and AmpB in order to demonstrate the algorithm ability to operate even when AmpA and AmpB are mismatched. A 39-nH inductor (CoilCraft 0603CS-39N), which resonates in the band of interested, is selected for the common network for a better visual demonstration of the extraction method. No other components were used. Fig. 5 shows that the S-parameters extracted for each amplifier agreed exactly with the expected S-parameters for AmpA and AmpB, implemented with differently biased ATF-35143 transistors. The extracted parameters for the common network also agreed perfectly with the expectations.
B. NOISE-PARAMETER EXTRACTION
Prelude: as with the previous section, this section presents a number of equations. Most of the equations presented herein are intended to explain the system of equations that is required to accomplish the extraction process. Note that the following discussion applies to thermal, shot, and flicker noises.
The next step in the dissection procedure is to determine the noise parameters, which consist of the minimum noise factor, F min , the equivalent noise resistance, R n , and the optimum signal-source admittance for minimum noise, Y opt . This step relies on the noise-parameter measurements of single-ended SDUT 31 and SDUT 42 in which Z in = 50 and Z out = 50 . Other values for Z in and Z out could be used as well if they guarantee circuit stability.
There are a few different approaches to measuring the noise parameters of single-ended circuits. Some approaches are based on representing noise signals as power waves [23] - [29] , while others perform a single noisefigure measurement and fit the result to a DUT noise model that is determined analytically or experimentally using other techniques [30] - [32] . The most commonly used techniques employ source-impedance tuners that generate a few different signal-source admittances, Y s , at the DUT input and use receivers to measure the resultant noise powers at the DUT output [33] - [44] . The noise parameters can be obtained using these measurements by employing data fitting techniques as described in [45] - [48] .
All noise-parameter extraction methods are applicable to the following discussion. Since a discussion of how to perform the single-ended parameter extraction method is beyond the scope of this paper and has been discussed in detail in [33] - [43] , [49] , [50] , it is assumed that the noise parameters of the SDUTs have been measured and are used to form chain noise-correlation matrices [51, (11) ], 1 which in turn are transformed into the Z-representation noise-correlation matrices, C Z31 and C Z42 , by following [51, (4) ]. The two known matrices, C Z31 and C Z42 , are used for the remainder of this section, and the noise-correlation matrices in the Z-representation will be referred to as Z-NC matrices for the remainder of the paper.
In Section II-A, all of the electrical parameters needed to conduct the noise-parameter portion of the dissection method were found. As before, since AmpA appears in series with the cascade combination of AmpB, which is terminated with known Z in and Z out , and Z c , and, similarly, since AmpB is in series with terminated AmpA, which is cascaded with Z c , the measured Z-NC matrices for SDUT 31 and SDUT 42 can be expressed as C Z31 = C Za + C Zbc C Z42 = C Zac + C Zb (12) where the unknowns, C Za and C Zb , represent the Z-NC matrices of AmpA and AmpB, and C Zbc represents the Z-NC matrix of the cascade of 2-port ''B'' and Z c as in Fig. 3 . A similar definition can also be applied to C Zac . Next, we need to express C Zbc and C Zac in terms of the unknowns C Zb and C Za , respectively, and the knowns Z in , Z out , Z c , Z b , and Z a . We begin by assuming that Z in and Z out are connected to AmpB. The first step in this process is to connect one side of Z in to the input port of AmpB and on side of Z out to its output port, as shown in Fig. 6(a) .
This results in Z-parameters
and a Z-NC matrix
1 A typo in [51, (11) ] is corrected in [52] . where k is Boltzmann's constant and T is the absolute temperature. Next, we convert 2-port ''B'' in Fig. 6 (a) to 2-port ''B'' in Fig. 3 .
To do this, we analyze the circuit in Fig. 6(b) , which shows the transformation of Fig. 6 (a) into 2-port ''B'', and which also shows the port-referred noise voltages of 2-port ''B'' with correlated v n1 and v n2 . The analysis of the circuit in Fig. 6 (b) allows us to find the open-circuited noise voltage, v n , at the port of 2-port ''B'' as
The derivation steps are shown in Appendix C. From (15) and (14), and by recognizing thatC Zb = 2kT ×ṽ nṽ † 
The Z-parameters of the 2-port ''B'' network are
where
Next, the noise contributions of Z c to C Zb,T are included to create
in which C Zc = 2kT {Z c } I is the Z-NC matrix of Z c . C Zc can only be found for passive Z c because of this the passivity requirement for the common network was stated in Section I. For non-passive Z c , the extension to the dissection VOLUME 7, 2019 method in Appendix B applies. Thus far, we have been analyzing SDUT 31 . However, similar expressions can be found for SDUT 42 by swapping subscripts ''b'' and ''a''. If these subscripts are inserted into (16)- (19), applied to (12) , and the results are rearranged such that all known terms are on the left of the equal sign, we get (20) , as shown at the bottom of this page. System (20) is a linear system of equations that can be used to find the unknowns C Za and C Zb . It should be highlighted again that the selection of Z in = 50 and Z out = 50 is not necessary. If other Z in and Z out are selected, the system (20) could potentially be reduced. For example open circuiting Z in and Z out is one example of convenient impedance selection. In this work, however, Z in = 50 and Z out = 50 are used as they guarantee stability of SDUT 31 and SDUT 42 . The addition of the manufacturer's noise parameters to AmpA and AmpB, implemented with two differently biased ATF-35143 transistor, during simulations discussed at the end of Section II-A allowed us to perform the extraction of their noise parameters using the procedure described above. As Fig. 7 illustrates, the expected and extracted noise parameters agree exactly, thus confirming the viability of the dissection process.
C. SUMMARY
The procedure for dissecting a differential amplifier is summarized below. Steps 1 to 3 describe the portion of the procedure wherein the electrical parameters are extracted, and the remaining steps outline the portion of the procedure that relates to the extraction of noise parameters. All steps are conducted for one frequency at a time.
1) Measure the 4-port S-parameters of the differential LNA. 2) Using the measured parameters and (11) find the impedance, Z c , of the common network. 3) Once Z c has been obtained, solve (10) to find the Z-parameters Z a and Z b of AmpA and AmpB, respectively. 4) If the common network is passive, the dissection process can proceed with the determination of noise-parameters of AmpA and AmpB. If the common network is not passive, additional measurements, as described in Appendix B, are needed. 5) Terminate ports 2 and 4 with 50 terminations and measure the resultant noise-parameters of a 2-port network SDUT 31 , using port 1 as its input and port 3 as its output. From the noise parameters, calculate C Z31 . 6) Repeat step 5, only this time terminate ports 1 and 3, and use ports 2 and 4 as the input and output, respectively, in order to obtain C Z42 of SDUT 42 . 7) Solve (20) to obtain the noise-correlation matrices C Za and C Zb of AmpA and AmpB. 8) Convert C Za and C Zb to chain noise-correlation matrices and find the noise parameters of AmpA and AmpB using [51] , [52] .
Postlude: since the terminations Z in and Z out are applied numerically and since measured S-parameters (or noise parameters) contain a complete description of a circuit linear behavior, many different combinations of Z in and Z out could be carefully selected to isolate internal parts of circuits, to create larger systems of equations, and to find other unknown circuit parameters to identify parasitic components or subcircuit operation deficiencies. The dissection method of this paper is focusing on one such set of Z in and Z out .
III. MEASUREMENT RESULTS
The procedure was validated using a differential amplifier that was constructed using Avago ATF-35143 transistors as shown in Fig. 8 . The amplifier utilizes a shunt-feedback topology for input power matching, and input 10.5-resistors were added to ensure stability in the 50-environment. The gate-source voltage is set to 0 V for convenience.
Once the circuit board model is included in the simulation, the amplifier is stable over the frequency band that is well beyond the 0-dB-gain region. The stability is confirmed for S 4x4 , SDUT 31 , and SDUT 42 measurements. The 10 k resistors are inserted for biasing and are large enough relative to 50-ports that they do not violate the requirement (c) in Section I. During measurements, the input and output grounded-coplanar-waveguide traces were deembedded. To verify extraction, a single-ended amplifier was created between ports 1 and 3 by shorting out L c and L dd . Fig. 9 shows the extracted S-parameters of AmpA and AmpB and compares them to the measured S-parameters of the single-ended amplifier. As can be seen, there is reasonable agreement between the results, with the largest deviation occurring for S 22 . One possible reason for this may be that the parasitics at the node between L L and L dd become altered when L dd was shorted out during the single-ended amplifier measurements. Another reason might be that the requirement (c) in Section I is not fully met by L L and L dd . The S-parameters of the common network were also extracted and compared to the manufacturer-supplied S-parameters of the inductor (Fig. 10 ). As shown in Fig. 10 , the extracted common network demonstrated a higher loss than the inductor on its own. This is because, in addition to the inductor, the common network also includes interconnection lines and vias. Because of the interconnections and substrate losses, this higher loss of the actual common network versus that of an inductor on its own is expected. A comparison of the manufacturer-supplied S-parameters of the inductor to the extracted S-parameters of the common-mode network indicates the presence of ∼0.1 pF parasitic shunt capacitance and losses modeled by ∼250 of shunt resistance in the common network.
The noise-parameter extraction of the single-ended amplifiers is verified in Figs. 11 and 12 , demonstrating that the proposed method can be used to determine the noise parameters of subcircuit components. It should be noted that some radiated interference occurred during the measurements, which created visible ''spikes'' in the noise parameters. It appears that the interference was somewhat less prominent during the measurements for SDUT 41 ; as such there were fewer ''spikes'' in the noise parameters of AmpB than there were in the noise parameters of AmpA. Ignoring the interference, the extracted and directly measured noise parameters are very close and within acceptable measurement uncertainty, thus validating the proposed extraction procedure. The expected and extracted values of opt , G opt = Y opt , and opt are plotted in Fig. 12 and demonstrate their similarities. The measurement noise and interference can also be discerned from the plot. At higher frequencies, G opt of AmpA experiences measurement irregularities. While we cannot confirm this, these type of irregularities are sometimes due to cable flexure causing phase and/or amplitude errors in S-parameter measurements.
IV. DISCUSSIONS AND CONCLUSION
This paper presented a first approach for ''dissecting'' a differential amplifier into its subcomponents for the purpose of investigating behavior of differential circuits. In this work, the mathematical algorithms used to ''dissect'' the differential amplifier were presented and verified with simulations and experiments. The proposed extraction process produced electrical and noise parameters that agreed reasonably well with the direct measurements, thus verifying the method. It is anticipated that this work will serve as the basis for future research aiming to refine this approach. For example, the future research may explore the implications of selecting other Z in and Z out , or it may attempt to eliminate the limiting assumptions made in this paper.
APPENDIX A LIST SYMBOLS
The exchange of subscripts from ''a'' to ''b'' modifies AmpA-related symbols to AmpB-related symbols and vice versa.
Directly measured quantities: S 4x4
4-port S-parameters of the differential circuit representing a matrix of S ij , 1 ≤ i, j ≤ 4, as defined in (1) Defined for brevity for (15); v n and v n input referred noise voltage of 2-port ''B'' (defined in (14) ) and its vector representation, respectively; v n = v n1 v n2 T input-referred noise voltages of 2-port ''B'' as shown in Fig. 6(b) .
APPENDIX B NON-PASSIVE COMMON NETWORK
If a non-passive common-mode network is used, its Z-NC matrix cannot be directly obtained from its Z-parameters and as the result C Zc in (20) is unknown. To find this unknown Z-NC matrix, additional measurements are required. To increase the number of equations, instead of setting Z in and Z out to 50 only, other termination impedances can be used to increase the number of equations in (20) . 
APPENDIX C DERIVATION OF (15), (16), AND (19)
Continuing from (14) , the input terminals of the network in Fig. 6 
WithC Zb = 2kT ×ṽ nṽ † n , (14) , and recognizing an impedance divider due to the common network and 2-port ''B'', (16) and (19) follow.
